For adaptive optic systems, the use of aperture filter functions calculated using various Zernike modes can be useful in describing lower-order aberrations caused by atmospheric turbulence. Traditionally, these filter functions are calculated using the step function depicting a hard aperture that introduces integrals that are sometimes difficult to integrate and must be done numerically. The Gaussian method, equivalent to the ABCD matrix method, can be used in place of the conventional method for calculating the aperture filter functions. Evaluation of the Gaussian approximation for modeling a finite receiver aperture can be made by comparison of reduction in phase variance with results achieved using the conventional method. The validity of Gaussian approximation in this application is demonstrated by the consistency of results between the two methodologies. Comparison of reduction in scintillation by the two methodologies reveals several benefits derived from utilization of Gaussian approximation. The Gaussian approximation produces data that can be interpreted analytically. This paper will first examine the use of statistical models for predicting atmospheric turbulence and then the use of Zernike polynomials in adaptive optics. Next, this paper compares the reduction of phase variance and scintillation using the conventional method with the Gaussian approximation to evaluate the effectiveness of the new filter functions. The results of these comparisons are presented both as mathematical expressions and graphically.
INTRODUCTION
Adaptive optics is a technique used to improve the performance of optical systems by reducing the effects of rapidly changing optical distortion [4] . Astronomical telescopes employ adaptive optics to remove the effects of atmospheric distortion. When light from a star enters the earth's atmosphere, turbulence or random fluctuations distort and move the light image in various ways [4] . The wave arriving from the star is essentially a plane wave before entering the earth's atmosphere. Wave distortion occurs as parts of the wave pass through the hotter-thanaverage air (less refractive-index) and are advanced [7] . Other parts of the wave are retarded and the plane wave front is deformed. It is the purpose of adaptive optics to compensate for these distortions. A telescope equipped with adaptive optics measures the wave front distortions generated by the variations of the index of refraction in the atmosphere with a wave front sensor and then applies phase corrections with a deformable mirror.
A similar application of adaptive optics has also been examined to reduce scintillation associated with FreeSpace Optical (FSO) communication systems that detect optical waves that propagate through the atmosphere [10] . In the theoretical analysis of such FSO systems, the use of aperture filter functions representing various Zernike modes can be useful in describing lower-order aberrations caused by atmospheric turbulence. Traditionally, these filter functions are calculated using the step function to depict a hard aperture, which introduces integrals that are often difficult to integrate and must be done numerically. In this study we investigate the use of a Gaussian approximation to characterize the finite receiving aperture and compare results with the conventional approach. First, we will compare the aperture field functions calculated from the conventional approach with those from the Gaussian method. Our analysis will reveal the benefits of the Gaussian method-greater tractability that leads to analytic results that can provide greater insight into the reduction of scintillation.
MODELING ATMOSPHERIC TURBULENCE
Atmospheric turbulence models based upon statistical analysis provide a basis for predicting atmospheric disturbance and scintillation reduction. Such statistical models are used in conjunction with filter functions to achieve phase reduction. The filter functions are based on Zernike modes that are traditionally used with a step function depicting a finite size aperture. In this paper, we evaluate the use of the Gaussian approximation to the step function which is used in the conventional approach. Once the filter function is established, it can be used with the atmospheric turbulence model to achieve phase reduction and scintillation reduction.
For our purposes we use the Kolmogorov power-law spectrum model
where κ is wave number and justify the use of the Kolmogorov power-law spectrum in calculations over all wave numbers, it is assumed that the outer scale is infinite 0 ( ) L = ∞ and the inner scale is negligibly small 0 ( 0) l = . However, this may lead to divergent integrals. Therefore, other spectrum models have been used when inner scale and outer scale effect cannot be ignored. One of those spectrum models which includes outer scale effects is the von Karman spectrum 
ZERNIKE POLYNOMIALS
The Zernike polynomials were originally used to represent fixed aberrations in optical systems, but are now also used in adaptive optics systems designed for atmospheric turbulence decomposition. The Zernike polynomials represent a set of functions of two variables that are orthogonal over a circle with unit radius. These polynomials are the product of two functions, one depending only on a radial coordinate r and the other depending only on the angular coordinate θ , i.e., ( , ) ( )
where both m and n are integers, 0, n ≥ , n m n − ≤ ≤ and n m ± is even. The angular functions are the basis functions for the two-dimensional rotation group, and the radial polynomials are a special case of Jacobi or hypergeometric polynomials that are defined by
In the theoretical analysis of adaptive optics systems the Zernike polynomials (4) are normalized over a unit radius aperture so that Proc. of SPIE Vol. 6457 64570Q-2 
where we define 
and where (1 ) U r − is the unit step function. Using this definition, the first 6 Zernike polynomials used in modal expansions are given in Table 1 . They are arranged by ( , ) m n pair and indexed by i . Note that for cases where 0 m > there are two Zernike polynomials for each ( , ) m n pair which represent the x and y components (of the Zernike mode). 
APERTURE FIELD FILTER FUNCTIONS ( , )
i G κ φ :
CONVENTIONAL APPROACH
The two-dimensional Fourier transform of the Zernike polynomials, scaled by the area of the aperture, is given by 1 2 cos( )
Substituting the Zernike polynomials into (7), we obtain 
APERTURE FIELD FILTER FUNCTIONS ( , )
GAUSSIAN APPROACH
The conventional analysis using a hard aperture model introduces a Bessel function in the ( , )
functions which makes them difficult to use in some theoretical analyses of wave front distortions. Rather than using a hard aperture model of unit radius, we can use the Gaussian approximation 
Figure 1 Gaussian Approximation
The Zernike polynomials appearing in (7) must be normalized differently when using the Gaussian approximation so that the normalizations satisfy a condition on the unit circle similar to that given by (5), where Doing so, we obtain the normalized Zernike polynomials listed in Table 2 .
The corresponding first filter function defined by the two-dimensional Fourier transform of the first Zernike mode in Table 2 is given by 
Last, the final three filter functions used in this analysis are given by In the analysis below, we will derive these filter functions based on the Gaussian approach. The comparable filter functions based on the conventional approach will be summarized below in Table 3 . The first filter corresponding to the piston mode of the Zernike polynomials is given by Note that as a consequence that the Zernike polynomials for focus and astigmatism are all quadratic in r , the resulting filter functions for focus and astigmatism are the same except for amplitude. The aperture filter functions derived using the Gaussian approach are listed in Table 3 below along with the corresponding filter functions found using the conventional approach. .01 D m = was chosen. The curve for Filter 1 derived using the Gaussian approach matches closely to the curve for Filter 1 obtained using the conventional approach (see Figure 2 ). As we move to higher-order modes, the difference between the conventional filter and the Gaussian filter is greater as illustrated in Figure 5 where the astigmatism mode shows the largest difference. However, when using these filters to predict phase and scintillation variance, the integration will create a smoothing effect for the Gaussian function so the final result is similar to that using the conventional filters. 
Table 3 Comparison of Aperture Filter Functions
Filter Conventional Gaussian ( ) piston F κ 2 1 ( 2) 16 J D D κ κ ⎡ ⎤ ⎢ ⎥ ⎣ ⎦ 2 2 16 D e κ − ( ) tilt F κ 2 2 ( 2) 64 J D D κ κ ⎡ ⎤ ⎢ ⎥ ⎣ ⎦
REDUCED PHASE VARIANCE
For an infinite plane wave the phase front stays planar as the wave propagates in a vacuum. In the atmosphere, however, the phase front becomes distorted in a random fashion. The variance of such a phase front at a single point in the receiver plane based on a geometrical optics approximation is
where ( ) n φ κ is the atmospheric power spectrum and k is wave number.
For the Kolmogorov spectrum, the integral in (17) diverges because of the singularity at 0 κ = . Hence to evaluate (17), we use the von Karman spectrum (2) which leads to the well known result We will now compute the phase variance reduction associated with the different Zernike modes. The reduced or corrected variance is given by
Below we show some of the calculations based on the Gaussian filter functions and compare results with the conventional filter models in Table 4 .
Piston Removed:
The phase variance with the piston mode removed due to a finite aperture diameter D is
which we write as 
which is very similar to the result obtained from the conventional Bessel filter (see Table 4 ).
Tilt Removed:
Recall when computing the variance and piston-removed variance that a singularity exists at 0 κ = .
Therefore, the von Karman spectrum, which is finite at the origin, was used for convergence of the integral. All other filters move the region of interest away from the origin, so for these filter functions we can now use the Kolmogorov spectrum. The reduced phase variance including the effects of focus and astigmatism can be obtained in a similar way and are listed in Table 4 along with other results through the first 6 Zernike modes. For comparison we have also listed the comparable results based on the conventional filter functions. The predicted reduction in phase variance from the two types of filter functions is similar but less so for the higher-order modes. Note that the greatest reduction in the phase variance occurs with Zernike modes 2 Z and 3 Z , the tilt modes of the turbulence. Also, as i increases, the additional reduction in the phase variance is progressively smaller.
ADAPTIVE OPTICS AND SCINTILLATION INDEX
Atmospheric turbulence causes phase and intensity fluctuations which are both deleterious to optical communication systems. Intensity fluctuations or scintillation is partially caused by random phase variations. The scintillation index 2 I σ for a plane wave without adaptive optics, known as the Rytov variance, is given by ( )1 c o s
where L = propagation path length and we have assumed 
If we split (26) into a difference of integrals, the first set of integrals are exactly 
We start the summation in (26) and (27) with 2 j = since 1 j = corresponds to piston which is equivalent to aperture averaging due to a large collecting aperture of diameter D . The scintillation index with only tilt removed ( 2) j = is given by 
Graphical results illustrate that filters derived using the Gaussian approximation give a larger reduction of scintillation than the conventional filter (as seen in Figures 6 -7) . Also, we see the additional reduction in scintillation is small as more Zernike modes are removed. Note that in Figures 6 and 7 
SUMMARY
The analysis presented here suggests that the Gaussian approximation to a hard aperture is a reasonable method for determining filter functions that can be used to remove lower-order aberrations. Comparison with the conventional method for computing the filter functions demonstrates the validity of the Gaussian method in this application. Analysis of removed phase variance for Zernike modes from the turbulence-corrupted phase front (Table 4) demonstrated that results of the Gaussian method approximate those of the conventional method. A greater difference in what each method predicts is seen in higher-order Zernike modes.
Comparison of the Gaussian and conventional methods has also demonstrated several advantages of the Gaussian method. In particular, the Gaussian filter models are more tractable than conventional filter functions and permit us to obtain analytical expressions for the reduction in scintillation due to removal of the lower-order Zernike modes. Analytic results are useful in that they provide greater insight over pure numerical results in theoretical analyses. In scintillation analysis, the Gaussian model predicted greater reduction in scintillation over the conventional models but in both cases the reduction is modest. Had we included the effects of aperture averaging as well, the reduction would have been significantly more. Finally, although the Gaussian method is illustrated here using a plane wave model, it can also be applied to spherical waves and Gaussian beam waves. 
